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SECOND GRADIENT OF STRAIN AND SURFACE-TENSION IN
LINEAR ELASTICITY

R. D. MINDLIN

Department of Civil Engineering. Columbia University, New York, N.Y.

Abstract-In this paper there is formulated a linear theory of deformation of an elastic solid in which the
potential energy-density is a function of the strain and its first and second gradients. This is a theory in which
cohesive force and surface-tension are intrinsic. A solution is given for the strain and surface-tension, or
surface-energy per unit area. resulting from separation of a solid along a plane; and a comparison is made
with an analogous lattice model. Also presented are a general solution of the displacement-equation of equili­
brium in terms of stress functions and the particular solution for the concentrated force. The special case of a
liquid is considered and the solutions are given for the surface-tensions at plane and spherical surfaces.

1. INTRODUCTION

IF THE potential energy-density of an elastic continuum is assumed to depend on the
rotation-gradient, in addition to the strain, there results a theory of elasticity with couple­
stresses, i.e. couples per unit area, in addition to the usual stresses. In a paper on elastic
materials with couple-stresses [1], R. A. Toupin observed that the rotation-gradient com­
prises only eight of the eighteen components of the strain-gradient and he proceeded to
establish the mathematical theory in which all the components are accounted for. The
additional components of the strain-gradient are accompanied by ten components of self­
equilibrating double forces per unit area, i.e..stresses contributing neither resultant force
nor couple, per unit area, across a surface in the material but, nevertheless, contributing to
the potential energy and to the boundary conditions. In a subsequent paper, Toupin and
Gazis [2] exhibited the correspondence between strain-gradient theory and .atomic
lattices with nearest neighbor and next nearest neighbor interactions; and they explored
the consequences of an initial, homogeneous, self-equilibrating stress. They showed that

.a free surface will draw in or push out in a surface-layer; but only in non-centrosymmetric
materials. Toupin pointed out, in a private conversation, that this restriction could be
removed by taking into account, further, the second gradient of the strain. A start in
this direction was made in 1959 by Hart [3] for liquids. Also, Green and Rivlin [4] have
recently established the basis of a very general theory which includes strain-gradients
of any order. It seems worthwhile, however, to formulate completely the equations of the
simplest theory, incorporating the second gradient of strain, and to exhibit some typical
solutions. The cohesive force and surface-tension, or surface-energy per unit area, which
appear, may have some bearing on criteria of failure of solids and on a variety of surface­
phenomena observed in both solids and liquids.

In what follows, equations of equilibrium, boundary conditions and constitutive
equations are derived for a linear theory of elastic materials in which the potential
energy-density is a 2nd degree polynomial in the infinitesimal strain and its first and
second gradients. The case of the homogeneous, isotropic, centrosymmetric material is
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explored in some detail Terms appear which describe the property of cohesion and a
general formula is given for surface-tension: one-half the product of a modulus of cohesion
and the normal gradient of the dilatation at the surface. After a formulation of the general
displacement-equation of equilibrium, a solution is given for the problem of separation of
a solid along a plane, including formulas for the surface-energy per unit area and for the
residual strain-which decays exponentially into the interior. A decay constant of the
order of magnitude of interatomic distances is estimated from electron diffraction data
obtained by Germer, MacRae and Hartman [5]. The theory admits either monotonic or
oscillatory decay: a property which is shown to be also the case in a solution of the analo­
gous problem for a monatomic lattice with first, second and third neighbor interactions.
Following this, a general solution of the displacement-equation of equilibrium is given in
terms of stress functions. Then the particular solution is found for the concentrated force.
Finally, a special theory for a liquid is formulated by restricting the strain and its first two
gradients to the dilatation and its first two gradients. Solutions are given for the surface­
tensions at plane, and spherical, liquid surfaces. It is found that, as the curvature of the
surface increases (decreases) from zero, the surface-tension becomes algebraically smaller
(larger).

2. STRESS-EQUATION OF EQUILIBRIUM AND BOUNDARY CONDITIONS

In the linear theory to be formulated, the potential energy-density, J¥, is assumed to be
a function of three polyadics:

where

1 2 3
W = W(t, t, t), (1)

~ = ¥Vu+uV), i =; Wu, i = VWu. (2)

In (2), V is the gradient operator and u is the displacement. The symmetric dyadic ~ is
the classical infinitesimal strain with six independent components. The triadic i, sym­
metric in the first two positions, has eighteen independent components which could be
replaced [6] by the strain-gradient vi, with eighteen independent components which are
linear combinations of those of i, or by the rotation-gradient and a symmetric triadic
with, respectively, eight and ten independent components which are linear combinations
of those of f or of Vt. Similarly, t, symmetric in the first three positions, has thirty inde­
pendent components which could be replaced by the second gradient of strain Wt or
by a variety of combinations of other polyadics. Thus, the energy-density could be
expressed as anyone of a large number of functions of fifty-four independent variables.
All of these energy functions lead to the same displacement-equation of equilibrium.
The function chosen in (1) produces simpler fonns of the boundary conditions and con­
stitutive equations than most and as simple forms as any.

The variation of the total potential energy, in a volume V, with arbitrary variation of
u, is

where

(3)

1 oW
t=­

1 'ot
2 oW
t = -2-'

ot
3 oW
t=-

at
(4)
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and the rule for multiple scalar multiplication of dyads, triads, etc. is

419

ab : cd = (a 0 c)(b 0 d). abc: def = (a 0 d)(b 0 e)(c 0 f), etc.

In the definitions (4), it is to be understood that t i, ~ have the same symmetries as
1 2 3 . I
E, E, E, respective y.

By application of the chain rule of differentiation and the divergence theorem, the
right-hand side of (3) is converted into the sum of

(5)

and

(6)

where S is the boundary of V and n is the unit outward normal to S. Now, V<5u is not
independent of <5u on S because, if <5u is known on S, so is the surface-gradient of <5u.
This is analogous to the situation in couple-stress theory [7] where, if the displacement
is known on S, so is the normal component of rotation-just as, in the classical theory of
flexure of plates, if the deflection at the edge is known, so is the component of rotation
about an axis normal to the edge. To prepare for the formulation of a variational principle,
we resolve V<5u into a surface-gradient and a normal gradient:

s

V<5u = V<5u+nD<5u;
s
V = (I-no) 0 V, D = noV, (7)

s
where I is the unit dyadic. The term, in the integrand, with V<5u as coefficient can then be
reduced to one with <5u as coefficient by employing the chain rule and a surface integra­
tion-leaving only the independent variations <5u and D<5u as coefficients. A similar
procedure, with some additional steps, can be used to convert the term with W<5u as
coefficient to terms with the independent variations <5u, D<5u and D2 <5u as coefficients.
Thus, if cJ) is a dyadic and v is a vector,

s s s
cJ):Vv = cD:Vv+n°cJ)oDv = Vo(cDov)-(VocJ))ov+nocDoDv.

By the surface divergence theorem [8] for a smooth, closed surface (which S is assumed
to be),

f V0 (cD 0 v) dS = f (V 0 n)n 0 cD 0 v dS.
s s

Hence,

f cJ): Vv dS = f (L 0 cD) 0 v dS + f n° cD 0 Dv dS,
s s s

where
s s

L = nVon-V.

Similarly, if 'I' is a triadic,

Is '1': VcD dS = Is (L 0 '1') : cD dS + Is n 0 'I' : DcJ) dS.

(8)

(9)

(10)
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Thus, by (8), the first integral in (6) can be written as

f 2 3 f 2 3L' [n' (t - V· t)]· Ju dS + no: (t- V· t)· DJu dS
s s

and, by (10), the second integral in (6) is

f L·(n·i):VJudS+ I no:i:DVJudS.
s s

Again by (8), the first integral in (12) can be written as

t L . [L' (n . t)] . Ju dS + Is n . [L· (n . t)] . DJu dS.

(11 )

(12)

(13)

(14)

As for the second integral in (12), we suppose that S is a coordinate surface of an ortho­
gonal, curvilinear, coordinate system and interpret n as one of the orthogonal unit
vectors in that system. Then

DVv = n' Wv = V(n' Vv)-(Vn)' Vv.
s s s

But V(n . Vv) = VDv = VDv + nD2v and (Vn) . Vv = (Vn) . Vv. Hence:

s s s
DVv = VDv+nD2v-(Vo)' Vv.

Accordingly,

s s s
eJ) : DVv = eJ) : [VDv - (Vo) . Vv + oD2v],

S S S S S

= V· [eJ). Dv-(Vn)' $. v]-(V' $). Dv+V' [(Vo)· $]. v+o· $. D2 v,

s s S s
= V· [eJ). Dv-(Vo)' eJ). v]-(V' eJ). Dv-L' [(Vo)' $]. v+o· $. D2v,

s
where the last step is a consequence of 0 • (Vo) = °and (9). Hence, using the surface

s
divergence theorem and noting again that 0 • (Vo) = 0, we can write the second integral
in (12) as

- Is L' [(Vo)' (no: ~)]. Ju dS + Is L' (no: i) DJu dS + Is non: ~. D2Ju dS.

Altogether, the right-hand side of (3) is the sum of (5), (11), (13) and (14); so that (3)
becomes

f f 12 3, f 123J WdV= - [V·(t-V·t+W:t)]·DudV+ n·(t-V· t+VV:t)·JudS
v v s

f 2 3 3 s .3
+ s {L . [0 . (t - V . t)+ L . (0' t) - (Vn) • (no . t)]} . Ju dS

f { 2 3 3] .3} ~+ s no:(t-V·t)+n·[L·(o·t) +L·(no.t) 'DuudS

+ t (non: i)· D2 Ju dS. (15)
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We now assume the following principle of stationary potential energy:
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(16)

where f is the body force per unit volume and t t t are generalized surface tractions.
From (15) and (16) there ensues the stress-equation of equilibrium

v . (~-V . i+VV : ~)+ f = 0

and the traction boundary conditions

(17)

liZ 3 Z 3 3 $ 3
t = n· (t-V· t+VV: t)+L· [n· (t-V· t)+L· (n· t)-(Vn)· (no: t)], (18a)

Z Z 3 3 3
t = no : (t - V . t)+ n . [L . (n . t)] + L . (nn : t), (18b)

3 ·3
t = non: t. (18c)

Thus, there are three scalar equations of equilibrium and only nine scalar boundary
conditions instead of what appeared at first, in (5) and (6), to be 3+9+ 18 = 30 boundary
conditions. This reduction is analogous to the reduction from three to two boundary
conditions in the classical theory of flexure of plates.

Other admissible sets of nine boundary conditions, in terms of u, Du and DZu or
products of appropriate components of 1and u or i and Du or i and DZu, are apparent
from the form of (16) and the uniqueness theorem which would follow the steps from (1)
to (17) in reverse.

3. CONSTITUTIVE EQUATIONS

We shall consider, here, only homogeneous, centrosymmetric, isotropic materials.
Then, in the 2nd degree polynomial Jv, with constant coefficients, the variables f, f, f can
appear in the linear terms only as scalars and in the quadratic terms only as products
that are scalars. This eliminates the terms linear in f and the products ofi with t and t.
Also, there are only two quadratic products of t, five of f, seven of t and three of t with
t that are scalars. Furthermore, we may omit the constant term and the term linear in t
because, just as in classical elasticity, the material configuration, to which W is referred,
can be chosen so that these terms do not appear. What remains, then, is

W = tAG;;Gjj + j1GijGij + a 1G;jjG;kk + a2GiikGkjj + a3GiikGjjk

+a 4G;jkG;jk + aSG;jkGkji + b 1Giij/'kkll + bZGjjkkGijll

+ b3GiijkGjkll + b 4GiijkGIlkj + b SGiijkGlljk + b 6GijklGjjkl

+ b 7GijklGjkli + C IG;iGjjkk + CZGi/'ijkk + C3G;/3kkij + bOGiijj, (19)

where Gij' Eijk, Gijkl (i,j, k, I = 1,2,3) are the components of t, f, t, respectively, in any
orthogonal coordinate system, and the summation convention for repeated indices is
employed.

The constants Aand j1 are the usual Lame constants and the five an are the additional
constants which appear in Toupin's strain-gradient theory [1,6].
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The choice of the polynomial (19) implies that terms of higher degree are small in
comparison with those retained. This, in turn, implies that certain assumptions as to
order of magnitude have been made in addition to IVUI ~ 1 of the classical linear theory.
While t is dimensionless, f has the dimension of reciprocal of length and t has the
dimension of reciprocal of the square of length. Thus, the ratios b"lJ1. have the dimension
of the fourth power of length and the ratios a"IJ1., bolJ1., c"/J1. have the dimension of square
of length. Suppose that [2 is the ratio of one of the constants a" to J1.; Le. I is a material
property with the dimension of length. Then we assume that a"IJ1.F, b"IJ1.14

, c"IJ1.lz, bolJ1.lz

are of order of magnitude unity and

IVul ~ 1, IIVVul ~ 1, FIWVul ~ 1,

where 1'1'1 signifies the absolute values of the components of '1'. With these assumptions,
all of the terms in (19) are of the same order of magnitude and terms of higher degree
are negligibly small.

From (19) and (4) follow the constitutive equations:

Lpq = ACiiC>pq + 2J1.cpq + C1Ciijj-<5pq + CZCpqii + t C3(Ciipq + Ciiqp), (20a)

'pqr = a 1(CpiiC>qr + CqiiC> pr) + taz{C;;pC>qr + 2CriiC>qp + CiiqC>pr)

+ 2a3C;;rC>pq + 2a4 cpqr + as(Crqp + Crpq), (20b)

L pqrs = ib 1C;;jjC>pqrs + ibzcjkiiC>jkpqrs + !b3[(Ciijk + eiik)C>jkpqrs + 2CjSiiC>jpqr]

+ib4 CiiSjC>jpqr +i bSeiijsC>jpqr + 2b6epqrs +ib7(CqrSp + crspq + cspqr)

+ j-C1c;;C>pqrs + j-C2CijC>ijpqrs + j-C3CisC>ipqr + j-bOC>pqrs' (20c)

where L pq' 'pqr' L pqrs are the components of i, i, i, respectively; C>ij is the Kronecker delta
and

The,pq are like the components of the usual stress with the dimensions of force per
unit area; but here they depend on the second gradient of strain in addition to the strain.
The Lpqr have the character of double forces per unit area. The combinations ¥'pqr-Lprq)
are the eight components of the deviator of the couple-stress, i.e. couples per unit area,
WhIle the remaining ten Independent combinations are self-equilibrating. The thirty,pqrs
have the dimensions of force and the character of triple forces per unit area-all self­
equilibrating.

4. SURFACE-TENSION

Of special interest, in the energy-density (19), is the term linear in t which produces
the homogeneous, self-equilibrating components of cohesive force, j-boC>pqrS' in (2Oc). The
coefficient bo, with the dimensions of force, is a modulus ofcohesion. It gives rise to surface­
tension; or, equivalently, to the energy, per unit area, associated with the formation of a
new surface.

In classical hydrostatics, surface-tension is introduced by postulating the existence of
a vanishingly thin surface-membrane under uniform tension. If the liquid is under no
external forces, the surface-tension is equal to the total potential energy divided by the
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surface-area. In a solid, the surface-tension in a body under no external forces need not
be uniform; but we may adopt the same definition for the average surface-tension:

Tave = "!rIA,

where A is the area of the surface and

"!r=LWdV;

(21)

or, from (19) and (20),

"!r = t Iv (~: Vu+i :VVu+~ ::VVVu) dV +tbo Iv v2v· udV. (22)

The second integral in (22) enters because the cohesive force is constant whereas the
remaining parts of the "stresses" vary in proportion to the strain and its gradients.

Now, if there are no external forces, i.e. if l t, i 'and f are zero, the first integral in (22)
vanishes; as can be shown by the procedure employed in Section 2. Hence,

T. = ~J V2V'udV = ~ID·VV· udS
ave 2A 2A .

v s

With this result, it seems appropriate to take

T = tboD' VV •uls (23)

as the definition of the punctual surface-tension, or surface-energy per unit area, in a
centrosymmetric, isotropic, elastic solid; i.e. one-half the product of the modulus of
cohesion and the normal gradient of the dilatation at the surface.

5. DISPLACEMENT-EQUATION OF EQUILIBRIUM

Upon substituting the strain-displacement relations (2) into the stress-strain relations
(20) and the resulting expressions for the stresses into the stress-equation of equilibrium
(17), we find the displacement-equation of equilibrium

[A+2Jl-(a-2c)V2+oV4 ]VV' u- [Jl-(a' -C3)V2+o'V4 ]V x V x u+f = 0, (24)

where

a = 2(a1+a2+a3+a4+aS), 0 = 2(bl+b2+b3+b4+bs+b6+b7)'

C = Cl +C2+C3, a' = 2(a3+a4)' 0' = 2(bs+b6).

Alternatively, (24) may be written in the form

(A+2Jl)DI IDI2VV' u- JlD~lD~2VX V x u+f = 0,

where

(25)

and

i = 1,2; j = 1,2; (26)

2(A+2Jl)IL = a-2c±[(a-2c)2-40(A+2Jl)]+' j = 1,2; (27a)

2JlI~j = a'-c3±[(a'-c3)2_40'Jl]+, j = 1,2. (27b)
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Thus, in general, solutions of the equation of equilibrium will contain Lame's
constants, A and j1, and four additional material constants, lij' having the dimension of
length. Application of boundary conditions may introduce some or all of the remaining
material constants which appear in the energy-density (19).

The conditions for positive W do not include relations between a (or a') and b, c
(or b', C3) and, hence, supply no indication of the character, real or complex, of the lij'

In what follows, the lij will be treated as if they were real and positive; but complex lij
are equally admissible.

6. STRAIN AND SURFACE-TENSION AT A PLANE SURFACE OF A SOLID

In a rectangular coordinate system x, y, Z, consider the half-space x ::>: 0 without
body force and with its plane surface traction-free:

I 2 3
t = t = t = 0 on x = O. (28)

Assume

Ux = ux(x), uy = Uz = O. (29)

Then, with primes designating differentiations with respect to x, the stress-equation of
equilibrium (17) reduces to

(30)

while the boundary conditions (18) become

(31)

Also, with the assumed form of displacement (29), the constitutive equations (20) yield

'xx = (A+2j1)e+ce", 'xxx = ae', 'xxxx = bo+ce+be", (32)

where e = duJdx. Further, the displacement-equation of equilibrium (25) becomes

(I-IiI d~2) (I-li2 ::2) ~:; = O. (33)

One integration of the stress-equation of equilibrium (30) makes 'xx - <xx+<xxx
equal to a constant which, by the first of the boundary conditions (31), must be zero.
This disposes of one of the three boundary conditions on x = O. The remaining two,
expressed in terms of e through (32), are

[(a-c)e' -be"']x=o = 0, (ce+be")x=o = -boo

The solution of (33), vanishing at infinity, is

(34)

(35)

Inserting (35) into (34) and making use of the definitions (27a), we find the following
equations for determining the constants A I and A 2 :

A1/i2(li1 +/io)+A2Iil(li2+/io) = 0, (36a)

A lld/i2+lio)+A2111Uil +lio) = boI1l 112/().+2j1), (36b)

where lio = C/(A+2j1). From (36), the values of Al and A 2 follow immediately.
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The formula (23), for the surface-tension yields

T = -!bos'lx=o = -!bo(A 111l +A2' 1!),

425

(37)T
_ b~(li1 -li2)
- [2 2 2 12 2 )2]'2().+2Jl) '11(112+'10) -Id 11 +110

This is also, for each surface, the energy per unit area required to separate the body along
a plane.

As may be seen from (35), the displacement and strain decay exponentially with
distance from the surface. It is known that such an effect is confined to an extremely thin
surface-layer in physical materials; so that 111 and 112 are probably very small lengths.
An estimate of order of magnitude can be obtained from measurements of electron
diffraction at nickel surfaces by Germer, MacRae and Hartman [5~ They conclude that the
displacement of the superficial layer of atoms toward the interior is five times as large as
that of the next layer. The assumption of a simple exponential decay, proportional to e-X{I,

would lead to an I of about five eighths of the distance between adjacent planes of atoms.
This is a ratio of the same order of magnitude as the analogous one of about three eighths
of the diameter ofa sphere, in a simple cubic array ofcontiguous elastic spheres, computed
for the case when only the rotation-gradient (leading to couple-stresses) 1S takell into
account, in the energy-density, in addition to the strain [9]. If the lij are complex, the
solution (35) would take the form of products of negative exponentials and trigonometric
functions. Then the decay of displacement and strain would be oscillatory and the
estimate of order of magnitude would apply to the real part.

7. LATIICE MODEL

Consider a one-dimensional lattice of interacting particles distributed along the x-axis
at points x = nh, where n is a positive or negative integer and h is a constant which is
taken equal to unity. Suppose that forces between particles are limited to first, second
and third neighbors and include self-equilibrating initial forces. Now separate the lattice
between particles n = 0 and n = - 1 and consider the semi-infinite lattice n ~ O. The
separation is effected by the addition offorces Po, P l> P 2' on particles 0, 1, i, respectively,
equal and opposite to the resultants of the initial forces exerted on those particles by the
particles -1, - 2, - 3. Since the initial forces are self-equilibrating,

(38)

Now, suppose that the change of force between two particles is proportional to their
relative displacement; with constants of proportionality !Xl> !X2'!X3 for first,. second and
third neighbors, respectively. Then, if u" is the displacement of the nth particle, the
equilibrium of that particle is expressed by

i~3

L: !Xi(U"+i- 2u,,+U"_i) = 0,
1= 1

1=2

L: !Xi(U2+i- 2u2+ U2-1)+!Xj(US-U2) = P2,
i= 1

n ~ 3,

n = 2,

(39)

(4Oa)



426 R. D. MINDLIN

iXl(U2 -2u l +UO)+iX2(U3-ud+iX3(U4 -U I ) = PI­

iXI(U I -UO)+iX2(U2 -UO)+ Ct 3(U3-UO) = PO,

n = I,

n = O.

(40b)

(40c)

If we adopt the notation L1un = Un+ I -Un' we have

L12un = un+I-2un+Un-I'

L14un = Un+2 -4un+ I + 6un-4U,,_1 + Un- 2'

L16un = Un+3 - 6un+2 + 15un+I -20un+ 15un_ I - 6un_ 2 +Un-3'

Then, with

f31 = Ctl + 4Ct2+ 9Ct3' f32 = - Ct 2- 6Ct3'

equation (39) can be written as

(f3I-P2L12+Ct3L14)L12un = 0;

or

where

(41)

(42)

(43)

i = 1,2. (44)

The solution of (43), vanishing as n -+ 00, is

where

(45)

i = 1,2. (46)

As for the boundary conditions, again there are three for the two constants A'l and
A~. However, following Gazis and Wallis [10], we sum the three equations (40) and obtain

(1-AiL12)(I-A~L12)L1u2 = 0, (47)

which is satisfied identically by the solution (45~ Thus, as in Section 6J the general
condition of equilibrium disposes of one of the three boundary conditions. This leaves
two conditions which may be any two, independent, linear combinations of the three
conditions (40) other than their sum. The resulting formulas for A'l and A~ are lengthy
expressions of little present interest.

More important is a comparison of the solutions (45), for the lattice, and (35) for
the continuum. Both are comprised of two negative exponentials. In the case of the
continuum, no conclusion could be reached regarding the character, real or complex,
of the decay constants. The same is true for the lattice.

The quadratic part of the potential energy of the nth particle, n > 2, is

w;, = !f31 (dUn)2 + !f3~(d2un)2 + !Ct3(d3un)2 + f3'2dund 3un ;

i.e. an energy leading to the equilibrium equation (42):

aWn 2 4 2- -a- = (f3I-f32 d +Ct3 L1 )L1 Un = 0,
Un
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where fJ2 = fJ2 - 2fJ'2. The conditions for positive Jv" supply no relation between fJ2
(corresponding to a of the continuum) and the rem~ining constants; and, hence, no
indication of the character of the Ai and P.i'

For real, positive force constants, !Xi> standing in the relations

(for example, going inversely as high powers of the distances between interacting particles)
the roots Ai in (44) would be complex and then (46) would require complex P.i' However,
real, positive !Xi' though appealing, are not necessary for stability.

8. STRESS FUNCfIONS

In this section, it is proved that any solution, U, of the displacement-equation of
equilibrium, (24) or (25), in a region V bounded by a surface S, can be expressed as

U = B-(lil +li2 -lil1i2V2)VV· B-tV(DIIDI2 -k-t)(f' DilDi2B+Bo1 (48)

where k = (A + 2p.)/p., f is the position vector and

p.DItDI2V2BO = f' DItDI2C-4(lit +lI2-!lIt1I2V2)V· C, (49)

p.DilDi2V2B = -C. (50)

First, by the usual proof of the Helmholtz resolution, functions <p and H can be
defined, in terms of u, so that

U = V<p+VxH, V·H = O.

Upon substituting (51) in (25), we find

p.V2[kDIIDI2V<p+DitDi2VxHJ+C = O.

Define

where

(51)

(52)

(53)

t/J(r t ) = rlt(e-rdlll-e-rdl22)/(lit-li2)' (54)

rl is the distance between a field point P(x, y, z) and a source point Q(~,,,, 0 and
dVQ = d~ d" d(. Then, by a process similar to that for Poisson's equation [111

DitDi2B' = kDItDI2v<p+DitDi2VxH (55)

and, from (55) and (52),

The divergence of (55) produces

D~tDi2V'B' = kDItDI2V2<p.

Define

Bo = 2k<p-r' DilD~2B'

(56)

(57)

(58)
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(59)

by using (56) and (57). Now, define

B" =V x H -B' +(l~t+ 1~2 -1~tl~2V2)VV· B' +kDItDI2Vtp (60)

and note that, by (55) and (57),

V·B" = o. (61)

Then substitute (60) and (58) into (51) to get

u = B' +B" -(l~t +1~2 -1~tl~2V2)VV·B' -tV(DItDI2 -k-t)(r· D~ID~2B'+Bo). (62)

Finally, define

B = B' +B". (63)

In view of (61), we may write (62) and (56) in the form of (48) and (50); and (59) is
already in the form of (49). Thus, (48) is a complete solution of the equation of equilibrium,
(24) or (25), if the stress functions Bo and B satisfy (49) and (50).

9. CONCENTRATED FORCE

In an infinite region V, let the body force be zero outside a finite region Vo which
contains the origin and a non-vanishing field of undirectional forces f per unit volume.
A concentrated force is defined by

F = lim f fadVa. (64)
vo....o v

To find Bo and B for the concentrated force, we have to solve equations of the type
(49) and (50), viz.:

DflDf2V2 t/J = p, i = 1,2 (not summed). (65)

This may be done by constructing the pertinent Green's formula from Green's identity

Is n· (tpiVt/J - t/JVtpj)a dSa = Iv (tp jV2t/J - t/JV2tpj)a d Va (66)

in the usual way, as follows. In (66) replace tpj and t/J, successively, by

(I-1ftV2)(1-1liV2)(tpj, t/J),

li11dl-(ltl +lt2)V2]V2(tpj, t/J),

[(If1 +lf2?- 21tl1f2]tV2(tpj, t/J),

[ltl1t2 -lfl1Mlfl + If2)2]tV4(tpj, t/J)

and subtract the sum of the last three from the first of the resulting four equations.
Now choose

i = 1,2
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DttD~V2({Ji = 0

except at P. Exclude the point P by surrounding it with a spherical surface of radius e
and center P. Upon passing to the limit as e -+ 0, we find the Green's formula

where

!l'4 = V4,

If Bo and B vanish at infinity at least as r- t , the solution for the concentrated force
is, from (49), (50), (64) and (67),

41tJ.lBo = - lim f [r"DftDf2f-4(lft+lf2-!lftlf2V2)V'f]Q({Jt(rt)dVQ, (68)
Yo"'O Y

41tJ.lB = lim f fQ({J2(rt)dVQ, (69)
Yo"'O Jy

where r' = (~2+'12+,2)t. Now,

lim r' = O.
Yo'" 0

Hence, the solution for the concentrated force is

21tJ.lBo = F'V(lft +lf2- 1ft1f2V2 )({Jt(r),

41tJ.lB = F({J2(r).

The limit for B follows directly from (69) while that for Bo is obtained from (68) after
successive applications of the chain rule and the divergence theorem to separate f as a
factor, of the integrand of the volume integral, before passing to the limit Finally, it is
apparent that Bo and B have the required behavior at infinity.

10. ELASTIC UQUID

The linear theory of deformation of an elastic liquid can be treated as a special case
of a solid in which the potential energy-density is a function of only the infinitesimal
dilatation and its gradients instead of the full infinitesimal strain and its gradients. Thus,

(70)

where !1 = V' u is the infinitesimal dilatation. For the centrosymmetric, isotropic liquid,
the form of WA is obtained from (19) by discarding all but the terms indicated in (70),
leaving

WA = tA.!12 +atV!1' V!1+b t(V
2!1)2 +b2VV!1 : VV!1+Ct!1V2!1+ boV2!1. (71)

This contains the term b2VV!1 : VV!1 which Hart omitted in a previous study [3].
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As noted by Hart, either the dilatation or the displacement may be subject to variation
in varying the potential energy:

J Iv w,\ dV = - Iv (pJ..1+p' VM+7t: VVJ..1) dY, (72)

or

where, in either case,

aw,\ 2
P = - a..1 = -A...1-c IV ..1,

aw,\
p = - aV..1 = - 2a IV..1,

(73)

(74a)

(74b)

(74c)

We consider, first, J..1 as the independent variation. Then, by applying the chain rule
and the divergence theorem, we transform the right-hand side of (72) to

- L(P-V'p+VV:7t)J..1dV- tn' (p-V·7t)J..1dS- Isn.7t'VJ..1dS.

Hart did not observe that VJ..1 is not independent of J..1 on S; but, by the same procedure
as in Section 2, we find

Is n' 7t. VM dS = Is [L' (n' 7t)]J..1 dS + Is no: 7tDJ..1 dS,

thereby converting to independent variations J..1 and DJ..1. Hence

JJ W,\dV= -J (P-V'p+VV:7t)£5..1dV-J n·(p-V·7t)J..1dS
v v s

- Is [L' (n' 7t)]J..1 dS - Is no: 7tDJ..1 dS. (75)

The principle of stationary potential energy now assumed is

bJ W,\dV=J <pJ..1dV+J (f,\b..1+l,\Db..1)dS, (76)
v v s

where <p is the potential of a body force per unit volume and 1,\, f,\ are generalized surface­
tractions. Equating the right-hand sides of (75) and (76), we find the stress-equation of
equilibrium

p-V'p+VV:7t+<P = 0

and the traction boundary conditions

(77)

1
t,\ = -n·(p-V·7t)-L·(n·7t),

2
t,\ = -no: 7t. (78)

The equation of equilibrium on ..1 is obtained by substituting (74) into (77), with the
result:

(79)
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(80)

i = 1,2. (81)

We now turn to (73), in which ou is the variation, and find, by application of the chain
rule and the divergence theorem,

o Iv WAdV = Iv [V(P-V' p+VV: 'It)]. oudV- t (p-V' p+VV :'It)n' oudS

- t[n'(p-V.'It)]V'OudS- tn.'It'VV'OudS. (82)

Here, again, Hart did not notice the lack of independence of ou, V· ou and VV . ou on S ;
but, by the same procedure as in Section 2, we find

of WAdV= f [V(P-v·p+VV:'It)]'oudV- f (p-V'p+VV:'It)n'oudS
v v s

- Is {L[n' (p-v, 'It)+L' (n' 'It)]-L' [(Vn)nn: 'It]). oudS

- Is {[n' (p-V' 'It)+L' (n' 'It)]n+ L(nn : 'It)}. DoudS

-t (nn : 'It)n • D20u dS. (83)

In this case, the principle of stationary potential energy is assumed to be:

bf WAdV= f f'oudV+ f (~'bu+i'Dou+i'D20u)dS,
v v s

so that the stress-equation of equilibrium is

V(p-V'p+VV:'It)-f= 0

and the traction boundary conditions are

(84)

(85)

1 , • ( )t = -n(p-V·p+VV:'It)-L[n·(p-V·'It)+L·(n·'It)]+L·[(Vn)nn:'It], 86a

2 •
t = -nn·(p-V·'It)-nL·(n·'It)-L(nn.'It), (86b)

3
t = -non: 'It. (86c)

The displacement-equation of equilibrium, obtained by substituting (74) in (85) and
employing (81), is

A(I-1iV2)(1-1~V2)W . U +f = o.
The formula for the surface-tension is obtained as in Section 4:

T = tbon' VAls

and is the same for variation of A as for variation of u.

(87)

(88)
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11. DILATATION AND SURFACE-TENSION AT A PLANE SURFACE OF A
LIQUID

The problem of the liquid half-space x ~ 0, with traction-free boundary and no body
force, is formulated, first, in terms of the equations derived from variation of ~. The
solution of (80), vanishing as x --+ 00, with ~ a function of x only and qJ = 0, is

(89)

and the two boundary conditions (78) become

[(2al-cl)S -2(b 1 +b2)~"']x=0 = 0, (90)

(91)

where primes signify differentiations with respect to x. Substituting (89) in (90), we have
a pair of equations for Al and A2-the solution of which, after the use of(81), is

boll(l~ + l~)

At = - A.[l1(l~+I~)2-12(lI+I~)2]'

bolilf+ l~)

A2 = A.[l1(l~+I~)2-12(lf+I~)2]'

where n= cdA.. Then (88) and (89) yield the formula for the surface-tension at a plane,
liquid surface:

bWf-I~)

To = 2A.[l1(l~ + 1~)2 -12(lf + 1~)2r
In the alternate case of the formulation derived from varying U, the appropriate

solution of (87) may be written in the form

(92)

There are now the three boundary conditions (86); but they lead to

Ao = 0,

so that the two solutions are the same.

12. DILATATION AND SURFACE-TENSION AT A SPHERICAL SURFACE OF A
LIQUID

We consider a liquid sphere under no body force and with a traction-free surface of
radius roo The appropriate solution of the equation of equilibrium (80), regular at the
origin r = 0, can be written in the form

~ = A 11tr- 1sinh(r/ll)+A212r- t sinh(r/12)' (93)

Then the boundary conditions (78) yield
i=2

L Airi[2(b1+b2)-(2a l -ct)lr](rtcosh ri- sinh rt) = 0, (94a)
i= 1

i=2

L At{rt[2b2(1+2ri-t)+2bt+cl1flsinhri-4b2coshrd = -bor~, (94b)
i= t
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(95)

where r i = ro/lj. Again, it may be verified that the same result is obtained from the
equations derived by varying the displacement.

To find a simple result for the first order effect of the curvature of the surface, assume
that the radius of curvature is large in comparison with the Ij (i.e. r; ~ 1). Then the
solution of (94) is

2b ,r1r W+12)e- r2

A- 0010 .

2 - '1(l~+@2_'2(lf+n)2+4b2A. 1ro 1(lf-I~)'

and the surface tension is, to the first order in IJro,

To
T:::::: 2 '1+ (8b 2 To/boro)

where To is the surface-tension at a plane surface as given by (91). The condition of
positive definiteness of the quadratic part of the potential energy-density (71) requires
b2 > O. Hence, as the radius of the surface diminishes, the surface-tension becomes
algebraically smaller.

A result of the classical theory of surface-tension is that the internal pressure in the
sphere is 2T/ro. In the present type of theory, a variety of quantities could be assigned the
role of internal pressure. We could choose p or le; but le could take a variety of forms
for various choices of independent variables and independent variations. Internal pressure,
along with stress, appears to have lost its former significance owing to the consideration
of long range forces. However, dilatation is defined uniquely and can serve as a basis of
comparison of the two theories. In the classical case, the dilatation in the sphere would
be uniform and proportional to T fro. In the present theory, the dilatation is non-uniform;
but we may calculate the average dilatation:

~ave = 4
3

3 r ~ dV,
nro Jv

3 ;=2

= 2 L A;lt(cosh rj - ri 1 sinh rJ
ro j= 1

Assuming, again, that r; ~ 1, we find, to the first order in 'i/rO'

6C1 T
~ave :::::: --b1-'

011. r o

where T is given by (95~ Thus, as in the classical theory, the average dilatation in the
sphere is directly proportional to the surface-tension and inversely proportional to the
radius.

Now consider a spherical cavity of radius ro. For this we take the solution of (80),
with qJ = 0, in the form

(96)
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The conditions (78), for a free boundary, require
i=l

L A;[2(b1 +b1)-(2a1 -cl)lr](l +ri)r;e- r
, = 0,

i= 1

;=1

L Al;[2b1(l +2r;-1 +2r;-1)+2b 1 +cllne- r
, = -bO

f6·
i=1

Again we consider the case f i ;p 1 and find, to the first order in li/fo,

T= To
1- (8b1To/b6fof

(97a)

(97b)

(98)

Thus, for both convex and concave spherical surfaces, the surface-tension, to the
first order in li/ro, is

To
T= 2

1+8bo b1KTo

where K is the curvature: positive for the sphere and negative for the cavity.

(99)
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APPENDIX

Boundary conditions at edges and corners

435

In Sections 2 and 10, it was assumed that the surface S is smooth. Additional boundary
conditions are required if S has edges and corners.

Suppose the surface has an edge, C, formed by the intersection of two segments,
Sl and S2' of S. Then, for each segment, the surface divergence theorem [8] is

i = 1,2, (not summed)

where s is measured along C in the direction of its unit tangent Sj; and mi (= Sj x OJ) is
the unit outward normal to C tangent to Si' The contributions of the line integrals have
to be added to the previous results. Thus, to (8) and (10), we have to add

f
e

[m . «Il. v] ds, (8A)

and

fc [m . 'I' : «Il] ds, (10A)

(11A)

(13A)

(12A*)

where the boldfaced brackets [] denote the value of the enclosed quantity on C when
approached over S1 minus its value when approached over S2; and ds is positive in the
direction of 81'

Considering, first, the case of the solid, we must add to (11), (12) and (13):

! 2 3ye[mo : (or,;.,.V . or)]· buds,

t[mo: i: Vbu] ds,

fe [m . [L . (0 • t)ll .bu ds,

respectively, while to (14) we have to add

! • 3- :r [m· (Vo) . (no : or)] . bu ds
e

and

f
e

[moo : i .Dbu] ds.

(14A1)

(14A*)

The integrands in (l2A*) and (l4A*) require resolution into terms with coefficients that
are independent variations. For (14A*) we write

! (nnm:i)lDllbuds-! (nom:ihDII,buds, (14A2)Ye 1 Ye

where DlI,bu and (nom: h are the limits at C of o· Vbu and nom: t approached over
Si' As for (12A*), we first write

Vbu = on· V<5u+mm· V<5u+ss· V<5u = nDllbu+mDmbu+sD.bu.
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Then (12A*) is the sum of

fc (nmn: ~)1 • D,,/)u ds- f
c

(nmn: ~)2' D"2 bu ds

+ f
c

(omm: t)l . Dmlbu ds- f
c

(nmm ~ th' Dm2bu ds

and

! [om: f :sD.bu] ds =! [D.(oms: t .bu)] ds _! [D.(oms: t)] • bu dsYc Yc Yc

= [Ioms : tl~] .bu - fc[D.(oms : t)] • bu ds,

(l2A1)

(12A2)

where the quantity [Ioms: tl~] is the difference between discontinuities in (oms: th and
(oms: th along C or at a corner of C.

Altogether, the additional terms are (llA), (12A1), (12A2), (13A), (l4A1) and (l4A2),
so that we have to add to (15) and (16):

! 2 3 3 .3' 3:J}mn: (t-V· t)+ m' [L' (0' t)]-D.(oms: t)-m' (Vo)' (no: t)] . bu ds

+t 2(nmn: t)l . D"I bu ds- f
c

2(nmn: th' D"2·buds

+ f (mom: t)l . Dm I bu ds - f (mom: th . Dm2bu ds
c c

and

+[Imns : il~]' bu (15A)

respectively. Hence, equating (l5A) and (16A), we have the edge and corner conditions

F = [mn: (t-V· t)+m' [L' (0' t)]-D.(nms: t)-m' (*0)' (no: t)],

N1 = 2(nmn: th,

N2 = -2(nmn: th,

T 1 = (nmm : t)l'

T2 = -(nmm: th,

G = [Imus: tl ~].

As in the case of the boundary conditions on a smooth surface, alternative edge and
corner conditions involving displacements are apparent from the form of (16A).
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Turning, now, to the boundary conditions for the liquid, we find that, when it is the
dilatation that is varied, we have only to add to (75) and (76):

- f., [mn : n](ja ds (75A)
c

and

f. ~&(ja ds,
c

respectively; so that the only boundary condition to be added to (78) is

o
t& = -[mn: n].

(76A)

(78A)

On the other hand, when it is the displacement that is varied, the additional terms are
simila.r to those for the solid. To (83) and (84) we have to add

_1, [n 0 (p- V 0 n)m+mL 0 (0 0 n)-D (mn: a)-no: nm 0 (Vn)] 0 (ju ds1c s

and

- f
c

(no: nm+mn: no)1 0 D",(ju ds+ f~ (lin: nm+mn: noh 0 D"2(jU ds

- fc (mn: nm)1 0 Dm,(ju ds+ f
c

(mn: nmh 0 Dm2(ju ds-[!mn: nsl~] 0 (ju (83A)

fcFo(juds+ fc(N1oD"I(jU+N2oD,,2(jU+T1oDm,(jU+T2oDm2(jU)dS+Go(jU, (84A)

respectively. Then, upon equating (83A) and (84A) we find the edge and comer conditions
for the liquid:

s
F = -[0 0 (p- V 0 n)m+mL 0 (0 0 n)-D..(mn.: a)-no: nm 0 (Vn)],

N1 = -(no: nm+mn: no)1'

N2 = (no: nm+mn: noh,

T 1 = -(mn: nm)1'

T2 = (mn : nmh,

G = - [Imn:nsl~l.

Again, alternative edge and comer conditions involving displacements are apparent
from the form of (84A).

(Received 29 January 1965)

ZUsammeDfIllllUlll-In diesem Aufsatz wird die lineare Deformationstheorie eines elastischen Festkorpers
formuliert, bei welchem die potentielle Energiedichte eine Funktion der Beanspruchung und deren Gradienten
erster und zweiter Ordnung ist. In diese Theorie sind die Kohasionskraft und Oberflachenbeanspruchung als
wesentliche Merkmale eingebaut. Eine LOsung fdr die Beanspruchung und Oberflilchenspannung pro FUichen­
einheit, wie sie bei der in einer Ebene liegenden Trennung cines Festkorpers auftreten, wird angegeben, und
ein Vergleich mit dem analogen Gittermodell angestellt. Ausserdem wird die allgemeine LOsulig der Gleich­
gewichtsverschiebegleichung angegeben, und zwar driickt man diese in Spannungsfunktionen und mit Hilfe
der besonderen Losung ftir die konzentrierte Kraft aus. Ocr Spezialfall einer F1ussigkeit wird erwogen, und
die LOsungen fdr die Oberflachenspannung bei ebenen und runden Oberfliichen werden angegeben.
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A6cTpaucr-B HacTOHll\eH CTaTbe 4!0PMYJlHpyeTCH JlHHeAMaH TeopHH Ae4!oPMllUHH ynpyroro TgeptIOrO

TeJla, B KOTOpOM f.I0TeHI.\HaJlbHall 3HeprHH-nJlOTMOCTb lIBJllleTCli 4!YHkUHCA Ae4!opMaI.\HIl H ee nepBblM "

BTOpbIM rpa.lllleHTOM. B :noli TeOpH" CH1la CuelIJleHHH Ii n0gepXHOCTHoe }IaU)I(eHHe lIBJllIIOTCJI BHy­

TpeHHHMH CHJlaMH. ,llaHo pewe}lHe .llJlJl .lle4!oPMllUHIf If nOBepXHOCTHorO HaTH)I(eHHlI, HJlH nouepxHOCTHOH

:meprHH Ha eJIHHIlUY IIJlOWaJIH, nOJlY'leHHolt B pa3JIeJleHHH TBep.llorO Tena no nnOCKOCTH; CAenaHO

cpaBHeHHe C aHaJJOrH'IHOH peweT'IaTOli MO.llenbIO. TaK)I(e npe.llllaraeTClI 06wee peweHHe ypaBHeHHJI

CMeWeHHR npH paBHOBeCIUI B YCJlOBlfJlX 4!YHKUHIf HanpJl)l(eHlfJl If oc06oe pemCHHC JWH COCpeJlOTO'leHHoil

CHJlbl.

PaCCMaTpHBaeTCJI CneI.\HaJlbHblii cJlY'lali lKHAKOCTH H AaeTClI pemeHHe ,WIH nouepxHocTHoro HaU)I(eHIUI

B nJlOCKolt If CljlepH'IecKOH nouepxHOCTlIX.


